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Spinor Fields in the Nonsymmetric, Non-Abelian
Kaluza—Klein Theory

M. W. Kalinowski'
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Spinor fields are considered in the framework of the nonsymmetric Kaluza-Klein
theory and the nonsymmetric Jordan-Thiry theory (in non-Abelian case). Dipole
moments for fermions of value 107! and pseudomass-like terms are found.

1. INTRODUCTION

We deal with spinor fields in the framework of the nonsymmetric
Kaluza-Klein theory and the nonsymmetric Jordan-Thiry theory. To do
this we introduce on P, an (n+4)-dimensional Kaluza-Klein manifold [in
the nonsymmetric case, see Kalinowski (1983a-c, 1984a)], a spinor field
belonging to the fundamental representation of a group SO(1, n+3).

Using a minimal coupling scheme from Moffat’s theory of gravitation
(see Kalinowski, 1986), we introduce for this spinor field a new kind of
gauge derivative as in Kalinowski (1981a,b, 1982, 1983d, 1984b, 1987).
Simultaneously, we use the dimensional reduction procedure from
Kalinowski (1982, 1984b) for this spinor field.

In the Lagrangian for this field we get new terms, which we interpret
as the interaction of dipole moments with the Yang-Mills field and
pseudomass-like terms. In the case dim G=n=2/+1, we can interpret
some of these terms as the interaction of the dipole electric moment of the
fermion with the electromagnetic field. Thus we get PC-breaking, as in
Thirring (1972), Kalinowski (1981a, 1984b, 1987).

This paper is organized as follows. In Section 2 we describe some
elements of the nonsymmetric Kaluza-Klein theory and the nonsymmetric
Jordan-Thiry theory. In Section 3 we introduce a dimensional reduction
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procedure. In Section 4 we describe minimal coupling between Dirac’s field
and geometry (gravity) in the Moffat theory of gravitation. In Section 5 we
introduce a new gauge derivative for a spinor field ¥ and generalize minimal
coupling scheme. We get new terms in the lagrangian. In the Appendix we
deal with elements of Clifford algebras that we use in the paper.

2. THE NONSYMMETRIC KALUZA-KLEIN THEORY AND THE
NONSYMMETRIC JORDAN-THIRY THEORY

Let P be the principal fiber bundle with the structural group G, over
space-time E with a projection =, and let us define on this bundle a
connection w. Let us suppose that G is semisimple and that its Lie algebra
g has a real representation such that Tr[(X,)"] is not equal to zero for every
a. Here Tr is understood in the sense of the representation space of the Lie
algebra g, and X, are generators of g. On space-time E we define a
nonsymmetric metric tensor such that

8ap = 8(ap) T 8lap) (1
8ap8 ™" = 858”7 = 8] (2)
where the order of indices is important. We define on E two connections
@z and Wp:
o3 =T5,0,  Wi=Ws,0" 3)
Wi=ag—365W (4)
where
W=W,0" =1/2(W?, - W )8"
For the connection @ we suppose the following condition:
D_ch-B—: D—gaB _‘-guBQ_g‘y(f‘)zoa Q_ga(r)zo (5)

where D is the exterior covariant derivative with respect to & s and @gy(l_“)
is the torsion of @z. Thus, we have on space-time E all quantities from
Moflat’s theory of gravitation (Moftat, 1979, 1981, 1982). The exterior
covariant derivative with respect to W’ we will denote D,,. Now we define
on P the natural frame

0% =(7*(06%), 0% = Aw?), A = const (6)

where w =w®X, is a connection on P. The two-form of curvature of
connection  is

Q=hordw=1/2H; 050"X, (7)
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Q obeys the structural Cartan equation
Q=dw+1/2]w, o] (8)
Bianchi’s identity for w is
hordQ =0 (9)

Horizontality is understood in the sense of the connection @ on P. The
map e:E> U- P, so that ecr=id is called a cross section. From the
physical point of view it means choosing a gauge. Thus,

e*w=e*(w'X,)=AL0"X, (10)
e*Q=e*(0°X,)=1/2F%,0%0"X, (11)
where
F&,=9,A2—0,A%+ ChALAS (12)
X,,a=1,2,...,n=dim G, are generators of the Lie algebra of the group
G and
[Xa, Xp]=Cop X, (13)

A covariant derivation on P with respect to o, d***¢° is defined as follows:

“d W=hordv (14)
This derivation is called ‘“‘gauge” derivation, where ¥ is, for example, a
spinor field on P.

It is convenient to introduce the following notations. Capital Latin
indices A, B, C run over 1,2,3,4,...,n+4, n=dim G, lowercase Greek
indices «,B,v=1,2,3,4; and lowercase Latin indices a,b, ¢, d=
5,6,...,n+4. A bar over #° and wj indicates that both quantities are
defined on E. According to Kalinowski (1983a, b), we introduce on P the
natural nonsymmetric tensor

ga[)' O )
= 15
Yan ( 0 L, ( )
where
lab = hab + H’Kab (16)

with hg, = C%,C% a Killing tensor on G, and K, = C&, Tr[(X,)?]; 1 is a
dimensionless constant [see Kalinowski (1983a, b) for more details]. In the
case of the nonsymmetric Jordan-Thiry theory we define on P the following

object:
_ (8| O
Yas ( O pzlab> (17)
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where p is the scalar field on E [see Kalinowski (1983c, 1984a) for more
details].

We suppose that det(l,,) # 0. Now we define on P a connection w’
such that

D’YA-!—Bf:D'YAB_')/ADQgC(F)BC =0 (18)
where
wp=T2-0°
D is the exterior covariant derivative with respect to the connection w7

and Q5c(T) is the tensor of torsion for the connection w7. In the case of
the nonsymmetric Kaluza-Klein theory we get

i (f(asza)—aidbg““fiﬁeb | %ALzyfg:) (19)
A bags (2H 5 — L) 87 l (2/M)aej
where
L3 =-Lg, (20)
is a tensor on P such that
| l1c8,u68 ™ Lyt led8an8" "Lty = 2Lcufan8""H g, (1)
o5 =T4.6° (22)
and
Lpl &+ 1 T8 =1/21,,C8. (23)
ri.=-fa (24)
I'e,=0 (25)

[see Kalinowski (1983a, b) for more details]. In the case of the nonsymmetric
Jordan-Thiry theory we get

77*(‘5;) —%)\ledbgaaﬂ;ﬁ 6° | %ALByoy + (I/P)gﬂsg"(swﬂ,yea
w’g = %/\lebdgaﬁ (ZH‘;& - L?/B)By (I/P)gmg(swp,yfsg93(2/)\)(;)? (26)

*Pg(ﬂB)P,Blbc(’C
where §*#) is the inverse tensor for g.g),
Bap§' ™" =8} (27)

[For more details see Kalinowski (1983c¢c, 1984a).] In the Kaluza-Klein
theory and in the Jordan-Thiry theory A =2G"?/¢c?, where G is the gravita-
tional constant and c is the velocity of light in vacuum. This condition
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originates from the consistency between the equation in the theory and the
Einstein equation (Kaluza, 1921; Lichnerowicz, 1955a; Raysk, 1965, Kerner,
1968; Cho, 1975; Kalinowski, 1983e). In the Jordan-Thiry theory there
exists the effective gravitational constant

Geﬁ - GP3 (28)
and p plays the role of the gravitational “constant,” which now depends
on a point of E (Kalinowski, 1983¢, 1984a). Now we define the dual Cartan
base on E.

Let 71234 = (—det g)"/?; 7ag,s is a Levi-Civita symbol and
Ta=60" A 07 7 0°Tlag,s,  T=1/40" A, (29)
For details concerning elements of the geometry mentioned here see Kobay-
ashi and Nomizu (1963), Lichnerowicz (1955b), Trautman (1970).

3. DIMENSIONAL REDUCTION

Let us consider the group SO(1, n+3) and its fundamental (complex)
representation of dimension K =4-2"? where [n/2]=1 for n=2I or
20+1,

U(g)¥(X)=D"(g)¥(g7'X) (30)

XeM®™  2c80(1,n+3)
SO(1,n+3) acts linearly in M"*® [(n+4)-dimensional Minkowski
space]. The Lorentz group SO(1, 3) = SO(1, n+3). Thus, after restriction

of g to the subgroup SO(1, 3) we obtain a decomposition of D" according
to (Barut and Raczka, 1977)

D |soan(A) = L(A) wL(A), Ae SO(1,3) (31)
[n/2]times
where

L(A) — D(1/2,0)® D(O,I/Z)(A)

is the Dirac representation of SO(1, 3). The decomposition (31) for a spinor
¥ has the form

U
Uz
Ylsoa,= :2 (32)
Ya[n/2]
whete ;, i=1,2,...,2"?] are spinors belonging to the Dirac representa-

tion (L= D"*® D'“V?). Thus, due to the decomposition (32), we get a
tower of 1/2-spin fermions.
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More precisely, we deal with representations of Spin(1, n+3) and
Spin(1, 3) = SL(2, C).

Let us turn to the manifold P. It is a metric manifold (P, y) with a
metric tensor v. At every point pe P we have a tangent space T,(P)=
MO et ¥ P>C*¥ (K =2"?)) be a spinor field on P at every point
p € P belonging to fundamental representation DF of group SO(1, n+3).

For spinor field ¥ we suppose the following action of group G:

V(pg)=o(g:H¥(p) (33)

where p=(x, g)e P; g g,€ G. Here o is a representation of group G in
4 - 2I"/*)_dimensional complex space.

If we take a section e: E - P, we get a spinor field ¥(e(x)) on the
manifold E (space-time). This means that at every point x€ E we have,
after restriction to SO(1, 3), the spinor ‘1'|sou, 3 and for it the decomposition
(32) is valid. Thus

¥(x)

‘l’zgx)

(e*\lf)|50(,,3)(x) = (34)

yoln/2](x)

Spinor fields ¥,(x), i=1,2,..., 20"/21 are spinor fields at every point x€ E
belonging to the Dirac representation L= D@ D%>% Such a pro-
cedure we will call the dimensional reduction for a spinor field. In this way
we get a tower of Dirac spinor fields on E. The following scheme symbolizes
it:

2
\If e *le restriction *’\Ij‘| d’z (35)
€ e =
section of P from SO(1, n+3) SO(1,3)
to SO(1,3) :
¥a[n/2]

In Kalinowski (1981a,b, 1987) we dealt with (in a similar context) the
five-dimensional (electromagnetic) case [G = U(1), n=1]. Thus, we have
the de Sitter group SO(1, 4) and we deal with the spinor ¥ belonging to
the fundamental representation of group Spin(1, 4)= Sp(4). But for this
case we have dim D =dim D" |55 3 and after dimensional reduction we
get only one spinor field on E. The procedure (35) explains the construction
given in Kalinowski (1981a, b, 1987). This procedure shows how to obtain
a set of Dirac spinor fields ; on E if one has a spinor field on P (with a
special dependence of higher group dimensions). But from the physical
point of view the opposite case is more interesting. We have several spinor
fields on E with which we connect physical fermion fields. From time to
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time it is possible to build a tower from these physical spinor fields. Some
attempts have been made in constructing such towers (Rayski, 1977; Furlan
and Raczka, 1980; Pati, 1980; Kim, 1987). Thus, from a physical point of
view it would be interesting to describe physical fermions as a spinor field
on P belonging to a fundamental representation of SO(1, n+3) [Spin(1, n+
3)]. This might be of help in understanding the generations of fermions.
Now it is difficult to proceed because a group G [gauge group for GUT
(Kim, 1987)] is not well established and one suspects that many new
generations are possible. We know from an asymptotic freedom argument
in QCD that the number of generations may be smaller than 9 (greater
than 2).

3. DIRAC LAGRANGIAN IN MOFFAT'S THEORY
OF GRAVITATION

In Kalinowski (1986) we found the minimal coupling scheme for the
Dirac field in the Moffat theory of gravitation. We get the Lagrangian

L(W, ) = Litc(Jl A Dy + D A ) + meniny (36)
where /= y*7, and
. 2 - 2
Bo=Ds-25(2) sy, pj=pg () w5 o)
3 lp] 3 lpl

where a is a coupling constant for fermion current in the Moffat theory
(Moffat, 1979, 1981, 1982), I, is the Planck length I, = (G/ #c)"/* ~ 107 cm,
n is a nonzero integer, and e=1; D, is the exterior covariant derivative
with respect to the connection W2. In Kalinowski (1986) we proved that
the Lagrangian (36) is equal to

LW, w):%"[lm (m-’i;f vw) +<13¢7+ e v‘w:) A zw]

+menjp (38)
where
Dy=dyp+aogoly,  Dy—dy—dotis (39)
and o® satisfies the following properties:
o8 =0 (40)
Ao, oi]= 6,05 — a0t + 850l — o, (41)

[oF, " 1=1/2(809"* = n**y.) (42)
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v" are ordinary Dirac matrices satisfying a conventional relationship,
{v*, v =2n"" (43)
man™ =8 Y =Py, oM =90, o, =n,0% (44)
The contragradient spinor ¢ is defined by

g=y'B, B =8 (45)
where
“=py g (46)
and ‘_
=—BoiB™ ' (47)

The superscript plus sign denotes Hermitian conjugation. The spinor ¢ was
defined in Kalinowski (1986) as a 0-form of X-type:

2. GL(4,R)~>GL(4,C) (48)

[or GL(4,R)]

and

atE = =533 (49)

[see Kalinowski (1986) for more details]. It is easy to see that

of =slv", nl (50)

satisfies all properties (40)-(42). In Kalinowski (1986) we proved that the
Lagrangian (36) or (38) has U(1)g-gauge invariance, which is connected
to the compactification of the dilatation subgroup R, of GL;(4, R)=R,®
SL(4, R), where
GL,(4, R)={Ae GL(4, R), det A> 0} 51
1
SL(4, R)={Ae GL(4, R), det A=1}
={e’, p € E}, where p =In(det_ A) and the R, -local gauge group acts in
the following way on ¢, ¢, and W

W W =W+dé

Y- g’[/’zexp[ She (l ) ln(detA)] (52)

— -, .RER _a_ 2 ]
> -exp[—zgf;(lpl) In(det A) |¢
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5. DIRAC EQUATION IN THE NONSYMMETRIC
KALUZA-KLEIN THEORY AND IN THE NONSYMMETRIC
JORDAN-THIRY THEORY

In this section we deal with a generalization of the Dirac equation on
the manifold P. We introduce several kinds of derivatives and use them to
get a generalization of the Dirac equation.

Let I'*, A=1,2,..., n+4, be a representation of Clifford algebra for
SO(1, n+3) acting in the space representation of D, ie., I'*e C(1,n+3)
(see Appendix)

TA TE =238 T“e2(CX)

K=4-2"2"" [n/2]=1 5
where
&% =diag(-1, -1, -1, 1, -1, .n.x. ~1)
Let B be a matrix such that
r“"=Br*B~!, Be%(CX) (54)
The superscript plus sign denotes Hermitian conjugation and we let
V=U"B (55)
We perform an infinitesimal change of frame 6
0" =0"4+50"%=0"—¢c36" (56)
If the spinor field ¥ corresponds to 8” and ¥’ to #*, then we have
W =P+5¥="—-chdh
VU =U+s¥=0+¥58ch 7)
where
643=053/0A8la3-5 (58)
$: GL(n+4,R)>GL(4- 2["/21,?1:) (59)

isa homomorphism of Lie groups and G4 is the differential of $ at the unit
element. o satisfies the following properties, similar to o [see (40)-(42)1:

G4=0 (60)
2[&§, &g]:SAD&E‘_EAC6BD+5€‘6§_§BD&AC (61)

G5, T]=1/2[85T" — T ] (62)
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where
gapg™C =85, ¢ =g"G¢ )
= —ABFB, Gap = gcs&g
We can use the following representation of &5:
Ga=4T4,T"] (64)
Let us consider a covariant derivation of spinor fields ¥ and ¥ on P:
DY =d¥+w3éi¥, DY=d¥-9é503 (65)

with respect to the linear connection w4 from the nonsymmetric Kaluza-
Klein theory [Eq. (19)] or from the nonsymmetric Jordan-Thiry theory [see
Eq. (26)]. Now we introduce derivative D, i.e., “gauge” derivatives of a
new kind [as in Kalinowski (1981a,b, 1982, 1983d, 1984b, 1987). These
derivatives may be treated as a generalization of minimal coupling between
spinor and gauge (Yang-Mills) fields on P:

D¥=hor D¥, D% =hor D¥ (66)

(horizontality is understood in the sense of the connection @ on P). Using
(19) and (26), one gets

DV =DV +A[L5, T, TP+ 1,8 (2HS — LT, I 1 0”

_ S (67)
DY =DV —iAP[LS I, T* + 1,8 (2H~ LT, I"10”
in the nonsymmetric Kaluza~Klein theory and
DY =DV +5p°A[ Ly, T, TP +1,,g°*2Hs — Lip)T, [TV 07 (68)

DY =DV —gpAp*V[LE T TP +1,,g*P QH, — LI, I"]07
in the nonsymmetric Jordan-Thiry theory, where
DY =hor DV, DV¥=hor DV

The derivative D is a covariant derivative with respect to both @3 and
‘“gauge” at once. It introduces an interaction between Yang-Mills and
gravitational fields with spinor, in the classical way already known in general
relativity or in Einstein-Cartan theory (Trautman, 1973). Now let us turn
to the Lagrangian (38) and lift it on the manifold P. In order to do this,
we have to pass from D to D, from ¢, ¢ to ¥, ¥, and from y* to I'*. In
such a case the Dirac Lagrangian takes the form

= %C[‘Pl A (D‘If - ’”;F W\P) <D‘if+ ’";F W«If) A I\P]

+ menP¥ (69)
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where [=I"y,. After some algebra one gets

=L(¥, W, w)+— q[L;;ny&f**raxp—lbdg“ﬁ[(szﬁ —~L)V67) W]y
o

LPTHEIT Wy (70)

where 1, is Planck’s length, g is the elementary charge, «, is a dimensionless
coupling constant of the Yang-Mills field, and

L(¥, W, w) =%c[~1m (qu—i"s—g‘f W‘I')]

+[(5@+1’% W@) Azw]mcwn (71)

L(¥, W, ») describes the interaction between the spinor field and geometry
in the nonsymmetric theory of gravitation and Yang-Mills field as in
Kalinowski (1986, 1987) for the electromagnetic field.

In the case of the nonsymmetric Jordan-Thiry theory we get

=L(¥, W, 0)
1 _ _
+2 o[ L, BT, W ~ g 2 Hy — L) ¥67, 0" W]y

il ]
—Sif P qlag P H T Wy (72)

So we see that we get additional terms. They are
T ILL, PO — g OHY - LTSI (7
and
—81—: gloag P H I, IT W (74)

If one performs the dimensional reduction (35) for L(W¥, W, w), one easily
gets (see Appendix)
dimensional 2[7/2]

LY, W, 0) ——— Z L, W, A%) (75)

reduction

Thus, one obtains the interaction between spinor fields ¢, i=1, 2, ..., 2l"/?}

and gravitation and the Yang-Mills field in the already known classical
way. It is worth noticing that all fermions ¢, have the same mass m. Now
we turn to new terms (73) and (74). In Kalinowski (1981a, 1987) one deals
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with the five-dimensional (electromagnetic) case and one interprets the first
new term as an interaction of electromagnetic field with a dipole electric
moment of the fermion of value (I,,/va)q. Now we deal with Yang-Mills
fields and should work with a useful concrete representation of I'*. We will
consider the cases n=2[ and n=2Il+1 separately. If we suppose that the
group G is a gauge group which unifies electromagnetic, weak, and strong
interactions, then G has a subgroup U(1),, corresponding to electromagnetic
interactions after breaking the symmetry. Let dim G =2/+1 and let a param-
eter of the electromagnetic subgroup U(1),, correspondto A=n-+4=21+5.
Then we turn to the first additional term (73) and perform the dimensional
reduction for d =n+4=2[1+5and b=a=n+4=21+5. We get

il 22 +
2oy [L2’+5¢.a‘”75¢f gPQH - L) ey’ el (76)

Qs i=1=1

where Hy,’ = Fp, (electromagnetic field) and L}°>= Hp, is the second

tensor of the strength of the electromagnetic field (Kalinowski, 1983a, b).
Thus, we get for all fermions a dipole electric moment of order 10! cm
(Kalinowski, 1987). If dim G =2/, then this term is forbidden and we have
no dipole electric moment of the fermion.
Let us pass to the second additional term (74) and perform the
dimensional reduction procedure for d = b =2]+5. We get

n/2]
e L g Z iy’ v (77)
o =1

i.e., we get a pseudomass-like term for every fermion ¢; (Kalinowski, 1987).

It is possible, as in Kalinowski (1984b), to introduce discrete transfor-
mations on P, i.e., space reflection II, time reversal T, charge reflection C,
and combined transformations IIC, 6 =IICT. In the case of the Jordan-
Thiry theory the only difference will be a factor of p® in formulas (73), (74),
(76), and (77).

APPENDIX

In this appendix we deal with Clifford algebra C(1, n+3) (Atiyah et
al., 1964; Cartan, 1966). Due to decomposition rules for C(1, n+3), we
write down a useful representation for I'* in terms of y,. It is well known
that any Clifford algebra can be decomposed into a tensor product of the
four elementary Clifford algebras (Atiyah et al., 1964; Cartan, 1966):

C(0,1) =C (complex numbers)
C(1,0)=R®R (A1)

C(0, 2) = H = quaternions
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We have
C(l,n+3)=C(0,2)®C(1,n+1) (A2)

Because we deal with dimensional reduction to space-time E, we define the
Clifford algebra C(1,3) and we easily get

C(,n+3)= (['1]1[2]@) C(o, 2)) ®C(1,3)

i=1

{n/2}
=( i ®H>®C(1,3) (A3)
i=1
It is well known that either
C(l,n+3)=C(1,n+4) (iff n+3=2L leNYD) (A4)

or
C(,n+2)=C(1,n+3) (iff n+3=21+1, leNY)

Let v, € £(C*, u=1,2,3, 4, be Dirac matrices obeying conventional rela-
tions

(Yya YV)zzan (AS)

M. =diag(—1, -1, -1, +1)
’ , (A6)
Ys= Y1Y2Y3%4, ys=-1

and let o; € £(C?), i=1, 2, 3, be Pauli matrices obeying conventional rela-
tions as well:

{U'i, U'j} = 25:‘1‘ (A7)
[gi, 051 = € oy (A8)

We introduce also the following notations: Te £(C?) is a 2X 2 unit matrix
and ¢ € #(C*) is a 4 x 4 unit matrix. Thus, one performs on the decomposi-
tion (A3) and easily gets
[n/2]
r=no( 1T ®0) (A9)
i=1

or

I* = .I-] (A10)
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For A # u one gets (in the case n=21)
p—2 I—-p+1
I’z”“:ij@(ﬂ ®n)®&3®( 11 ®a.)
i=1 i=1

2p+2 p? AL
r2r =ij®(]’[®ﬂ)®az®( ®o~,~> (A11)
i=1 =1

4

where 4<2p+1<2p+2=n+4=21+2.
In the case n=2I we define also the matrix

n+4 i
™5 = 30 ] T4 = (y5)®( 11 ®g-1) =2 (A12)
A=1 i=1
or
0, v
FYH—S: : . : (A13)
4 ‘0

where n=2I, le Ny. N
If n=21+1, we have ['*=T" A=1,2,...,2]+4:

0. .
f~n+4=l-21+5= . (A14)
50 "o
It is easy to check that
T22=—1,  {TAT"}=0  for A#2I+5 (A15)

_ [n/2] _
B=B®( Il ®a,), v**=By*B™! (A16)

i=1
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